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Abstract 

We consider the Nelson model which describes a quantum system of non- 
relativistic identical particles coupled to a possibly massless scalar Bose field 
through a Yukawa type interaction. We study the limiting behaviour of that 
model in a situation where the number of Bose excitations becomes infinite 
while the coupling constant tends to zero in a suitable sense. In that limit the 
appropriately rescaled Bose field converges to a classical solution of the free 
wave or Klein-Gordon equation depending on whether the mass of the field is 
zero or not, the quantum fluctuations around that solution satisfy the wave 
or Klein-Gordon equation and the evolution of the nonrelativistic particles 
is governed by a quantum dynamics with an external potential given by the 
previous classical solution. 
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1 Introduction 



Quantum theories are generally expected to reduce to the corresponding classical 
ones when suitable parameters converge to a limit which is usually taken to be zero. 
In ordinary quantum mechanics this parameter is identified with Planck's constant 
h. The comparison between those two types of theories was first considered by 
Schrodinger [9] and by Ehrenfest [1] for simple systems with a finite number of 
degrees of freedom, and later put on a firm mathematical basis by Hepp [6] for more 
general systems including some with an infinite number of degrees of freedom. The 
study of the transition from quantum descriptions to classical descriptions is a quite 
active field of research. However, while the literature concerning systems with a 
finite number of degrees of freedom is rather extensive, in the case of an infinite 
number of degrees of freedom very few examples have been analyzed in reasonable 
depth [6] [4] [3]. 

In this paper we consider that problem for the so called Nelson model, which 
describes a quantum system of nonrelativistic identical particles interacting with a 
real scalar field in space-time IR^~^^. In the formalism of second quantization for the 
particles the Hamiltonian of the system is taken to be 

H{ilj, a) = (2M)-i J dx{Vipy{Vip) + J dk uj a*a + X J dx (p ^^V' (1.1) 

where u;{k) — {k'^ + n'^Y^'^ with // > (// is the mass of the bosons), ^0, ^0*, a, a* are 
Heisenberg field operators satisfying 

' [V^(t,x),V^(i,x')]^ = 

< 

[tp{t,x),ij*{t,x')]^ = 5{x-x') 
' [a{t,k),a{t,k')]_ =0 

< 

_ [a{t,k),a*{t,k')]_ = 5{k-k') 



[1.2) 



[1.3) 



and 

(pit, x) = (27r)-'/' J dk (2a;(A;))-^/' (a{t, A;)e*^ + a*{t, k)e-'^-'') . (1.4) 

The — sign in (1.2) and (1.3) denotes commutators and the + sign in (1.2) denotes 
anticommutators. The field -0 can be either a boson or a fermion field. The time 
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evolution of the fields -0 and a in the Heisenberg picture is given by the equations 
of motion 

idtij^['il;,H]_ 

(1.5) 

idftt = [a, H]_ 
which, using (1.1), can be explicitly written as 

idtjjj = -{2M)-^A'i/j + Xipi/j (1.6) 

idta^u;a + X{2u;)-^/^F{il;*'i/j) (1.7) 

where F denotes the Fourier transform. The initial conditions are denoted by 
■0(i = 0) = ■00, o,{t — 0) — Qq and (fi{t = 0) = (po. In the same vein as in [4] 
we want to study the classical limit of the scalar field, keeping however intact the 
quantum nature of the nonrelativistic particles. In the following we present a heuris- 
tic discussion of the problem which underlies the rigorous developments of the next 
sections. 

The classical limit is obtained by considering the average of the field operators 
on a sequence of states which contain a number n of scalar particles increasing to 
infinity. The traditional way to construct such a sequence is through the Weyl 
operators 

C{a) — exp (^J {a^a — oocf)^ (1-8) 

which applied to the Fock vacuum of the scalar particles generate the coherent 
states for the operators (uq, a^). The sequence of operators C{n^^'^a), where n is a 
positive integer, applied to any fixed state meets the requirements of the previously 
mentioned sequence of states. The average of (p on such states scales as n^^^ so that, 
in order to obtain a finite non trivial limiting equation for (1.6) when n converges 
to infinity, we need to relate A to n according to n = A^^. Therefore this classical 
limit is at the same time a weak coupling limit. From now on we shall use A as 
a parameter which will eventually tend to zero. We introduce a real function of 
space-time A conveniently written in Fourier transform as 

A{t, x) = (27r)-^/' J dk (2a;(A;))-^/2 (a{t, ky^-"" + '^J^ e''^-'') , (1.9) 

to be thought as the limit of the rescaled field \(p when A tends to zero. The equation 
of motion (1.7) for a can be trivially rewritten as 

idta + idt{\a -a)^uja + uj{\a - a) + A^(2a;)-^/2F(V^» . (1.10) 
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In order to obtain a non trivial limit for (1.10) when A converges to zero, we impose 
on a to be solution of the equation 

idfa — uja . (l-H) 

By rewriting the equations (1.5) in terms of the variables ip and a — ax, with 
axit, k) = X~^a{t, k), we obtain 

idtiP^[iP,K]_ (1.12) 

idt {a - ax) ^ [a - ax, K]_ (1-13) 

where 

K = (2M)-^ J dx (VV')*(VV') + J dku;(a- ax)* (a - ax) + 

+ J dx A + J dx{\ip - A)V'> . (1.14) 

In order to study the hmit of (1.12) and (1.13) when A tends to zero we have to 
change the initial conditions for a — ax- We define the new field variables 6{t) and 
b{t) by 

9{t)^C{axm*m C{axm (1.15) 
b{t) = C {ax{Q))* {a{t) - ax{t)) C (^^(0)) (1.16) 

so that 

^^(0) = ^0 

6(0) = ao . (1.17) 

The 6's are the quantum fluctuations around the classical solution a. The equations 
(1.12) and (1.13) take the form 

idth^[h,L]_ (1.18) 

where 

L = (2M)-i j dx(yey{ve) + Jdkub*b + j dx a e*e 

+A j dx 9*9 (f-\2uj)-^I% + F{2uj)-^l%*) . (1.19) 
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In (1.19) the only term containing explicitly A is expected to converge to zero with 
A so that the putative limiting equations of (1.18) become 

' idtO' = -{2M)-^M + AO' 

(1.20) 

^ idth' = uh' . 

The system (1.18) subject to the initial condition (1.17) is conveniently solved by 
using the transformation which connects the Schrodinger picture to the Heisenberg 
picture. The solution can be written as 

' e{t) = w{ty i/jo w{t) 



_ b{t) = W{t)* ao W{t) 
where W{t) is the unitarity propagator satisfying 

idtW{t) = |(2M)-i j cix(VV'o)*(V^o) + J dku a*ao 

+ [ dx A ^oVo + X [ dx ipotlJo'i/jo\w{t) 



(1.21) 



(1-22) 

and 14^(0) = 1. The Schrodinger propagator W{t) is expressed in terms of the 
Schrodinger field operators, which coincide with the Heisenberg field operators at 
time t — 0. Similarly, the solution of the limiting system (1.20) subject to the 
conditions ^'(0) — ipo and b'{0) — Qq is given by 

' 0'{t) = v{ty v{t) 

(1.23) 

, b'{t) = V{ty ao V{t) 
where V{t) is the unitary propagator satisfying 

idt V{t) = |(2iV/)-^ J da;(V^o)*(VV'o) + J dk u a*ao + J dx A Vo^oj V{t) 

(1.24) 

and V{0) = 1. It can be checked directly that 



Wit)^C{ax{t)T U{t)C{axm 



(1.25) 



where 



U{t) = exp {-itHi^po, ao)) . (1.26) 

Now the previous perturbation problem in the coupling constant A reduces to com- 
paring the two families of operators W{t) and V{t) and to showing that 

hmW(t)^V(t) . (1.27) 
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That convergence will turn out to hold in the strong operator topology. It implies 
in particular that for any bounded suitably regular functions Rj{o,o) j — 1,2, • • • ,m 
and Rj{ipo) j — m+ 1, - • ■ ,i and for any family of times {tj} j — 1,2, ■ • • , £ 

m e 
hmC{a,{0)ri[Rj{ait^)-a,{tj)) JJ i?,- W,)) C (a,(0)) 

j=l j=m+l 

m I 

3=\ j=m+l 

in the strong sense. This convergence can be interpreted in terms of correlation 
functions in coherent states of the Bose field. In particular 

m m 

s - hm C (a,(0))* n Rj (Htj)) C (a,(0)) = U H^j)) ■ 

In conclusion we expect that the weak coupling limit of the quantum theory defined 
by the Hamiltonian H (see (1.1) averaged over coherent states scaling as is the 
quantum theory of nonrelativistic particles in an external potential A solution of 
the equation 

(□ + At')A = . 

The function A is the hmit of the rescaled field Xcp and can be interpreted as the 
wave function of the condensate of the excitations of the (p field. The quantum 
fluctuations around A represent a free Bose field of mass /i. 

In the previous presentation we have totally ignored the fact that the theory 
described by the Hamiltonian H is ill defined. In order to make H a bonafide 
selfadjoint operator a cut off has to be introduced. The removal of this cutoff, after 
subtraction of the (infinite) self-energy of the nonrelativistic particles, has been 
achieved by Nelson in [8] in the case > by using a dressing transformation 
introduced by E.P. Gross [5]. The case /i — has been subsequently treated by 
Prohlich [2]. Our aim is to implement in a rigorous way the previously described 
limit when A tends to zero and for that purpose we rely heavily on [8] . For reasons 
of clarity the ideas behind the classical limit have been so far explained by using 
the second quantization scheme for the nonrelativistic particles. This has allowed 
us to treat the particles and the field on the same footing with a similar formalism. 
However, since the number of particles is conserved, we could have worked as well 
in the first quantized formalism. In the next sections we will follow this last option, 
namely we shall project the equations (1.1), (1-22), (1.24), (1.26) and (1.27) on 
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spaces with a fixed number of particles, keeping the same notation for if, W, V and 
U. 

This paper is organized as follows. In Section 2, we recall without proofs the 
results of Nelson that we need [8]. In Section 3 we construct the hmiting dynam- 
ics expressed by the propagator V. Finally in Section 4 we prove the announced 
convergence when A ^ 0. The main result is stated in Proposition 4.3 

We conclude this section by introducing some notation. We denote by || • \\r the 
norm in U = U'{IF^), 1 < r < oo, and by (•, •) the scalar product in L^. We shall 
need the spaces defined for any s E IRhj — Ll{IR^) — {u :< ■ >^ u e L^} 
where < • >= (1 + | • |2)V2_ 

2 The quantum theory 

In this section we describe the basic results concerning the model we are in- 
terested in. We follow closely Nelson's presentation and we refer essentially to [8] 
for the proofs. We consider a system of p nonrelativistic identical particles of mass 
M interacting with a real possibly massless Bose field. Prom now on p is fixed and 
generic constants C in some of the subsequent estimates may depend on p. The 
Hilbert space H of the theory, which is the tensor product of L'^{IR^^) and of the 
Pock space of the Bose field, can be equivalently taken as the direct sum of the 
Hilbert spaces 

with each symmetric in the variables ki,---, kn- The set of variables {xi, 2:2, • • • , Xp) 
is denoted by X. The possible symmetry properties, if any, of the ^„ in the X vari- 
ables do not play any role in the problem. The scalar product of $, \l/ in H is 
denoted by < $, ^ > and the norm of $ by || $ ||. On 7i we define formally the 
annihilation and creation operators for the Bose field by 

(a(fc)*)„ {X; A;i, • • • , k^) = {n+ l^^'^n+i {X; k,ki,---, K) , 

n 

(a*(A;)*)„ {X- • • • , = ri'V^ ^ 5{k - [x- k,, ■ ■ ■ ,kj, ■ ■ ■ , K) 

i=i 

where kj indicates that the variable kj has been omitted. The field operator ip is 
defined by 

if{x) = (27r)-3/'y dk {2uj{k))-^/^ (a{k)e"'-'' + a*{k)e-"'-'') . 
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For any / e L°°{IR^^, LF'{IE?)) we define (by formal integration) the operators 
(a(/)*)„ {X- h,---, K) = (n + 1)1/2 j j^x^ k^k^^...^ k^) ^ 

(a*(/)*)„ {X- h,---, K) = ^ ^(^^ ^ . . . ^ ^ . . . ^ _ 

The number operator A'^, defined by 

{N'^)n {X- /ci, • • • , kn) = (X; /ci, • • • , K) , 

counts the number of excitations of the Bose field. We denote by Cq{N) the space 
of vectors in Ti with a finite number of components different from zero. Standard 
estimates show that 

II a(/)* II < II f;L'^{m^^,L\lR^)) \\ \\ N^^^^ \\ , 

II a*{f)^ II < II f;L^{IR^'',L\lR^)) \\ \\ (iV + l)^/^^ || . 

For brevity from now on we shall write the estimates concerning a(/) and a*(/) as 
if / did not depend on X, i.e. / G L?'{IB?). The general case will be recovered by 
replacing the norms of / in L^{IR^) by the corresponding norms in L°°{IR^^, Li^i^IB?)) 
in the estimates. We now define the dynamics of the theory. The kinetic energy Hqi 
of the nonrelativistic particles is defined by 

(i/oi^), {X- fci, • • • , K) = -(2M)-i ^J-^- • • • ' kn) (2.1) 

where is the Laplace operator acting on the Xj variable, while the kinetic energy 
Hq2 of the Bose field is defined by 

n 

(//o2*)„ {X- h,---, kn) = E^(^^)*n {X; h,---, kn) (2.2) 

e=i 

where u;{k) — (/c^ + /jl'^)^^'^ and > 0. We denote by Hq their sum 

Hq = Hqi + ■ (2.3) 

It is well known that Hq is self-adjoint on any Tin and therefore on the whole space 
7i. For any a, < a < oo, we define the cutoff function Xa by Xa{k) = 1 if \k\ < a, 
Xa{k) — a \k\ > a. The interaction energy Hja- with cutoff a is defined by 

p 
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with 

so that 

Hia = a(fxa)+a*{fxa) (2.4) 

where 

/ = E/. ' A— /o e-^^^Ml < J < P) , 
j 

/o = A(27r)-3/2(2^(^))-^/^ 
The sum of Hq and if/o- defines the total Hamiltonian with cutoff 

H, = Ho + Hi, . (2.5) 

If we take formally a — oo, namely Xo-(^) = 1, the second quantized version of the 
expression given by (2.5) coincides with the expression (1.1). 

The analysis of Nelson and Prohlich is based on some estimates of a{f) and a*{f) 
in terms of the operator Hq. The following set of estimates holds for all // > 0. 



Lemma 2.1. Let f e L'^{IR^) with u'^l'^j e L'^{IR^). Then, for all $ e 7^, the 
following estimates hold : 

II a(/)* r < II ^-'^V II2 II ^of * II' , (2.6) 

II a*{f)^ f < II u-'/'f \\l II i/of ^ r + II / 11^ II ^ 11^ , (2.7) 

II a(/)2^ ||2 < II uj-'/'f \\t II i^02* II' , (2.8) 

II a*(/)a(/)* r < II ^-'^v 112 II ^02* r + II / 112 II ^-'^'f 112 II hU'^ ir , (2.9) 

II {a*{f)f^ r < II a;-VV ||^ || i/02* H' + 4 || / ||^ || c.-^^ ||^ || * 

+2 II / 11^ II * ir , (2.10) 



<$,(a(/))'vI/> 



< 



(3/2)^^(11 II 



+ 



2 
2 

1/2, 



^^02^ 



^-^/V II 

Using (2.6) and (2.7) we obtain the following result. 



^02'$ 



(2.11) 



9 



Proposition 2.1. For any a < oo, the operator is self-adjoint on V{Hq). 

In order to remove the cut off cr, we use a dressing transformation which allows 
to change the domain of definition of the limiting Hamiltonian with respect to the 
domain of Hq. In addition to the upper cut off a we introduce a lower cut off 
(7o < (T which we keep fixed and which eventually will be chosen sufficiently large. 
In analogy with (2.4), we define the operators 

T,^aigxa)-a*igxa) , (2.12) 
T = a{g)-a*{g) , (2.13) 

where 

9^J29j , 9j = 90 e""'''' (I < j < p) , 
j 

go{k) - -{l-Xaom{^{k) + {2M)-'k'y' Mk) 

= - (1 - XaM) A {u;{k) + {2M)-'ey' {2^)-"\2u{k))-"' . 

Note in particular that go and therefore also gj and g belong to L^. We identify the 
operators T^. and T with their closures. We also define the operators 

Q, = exp(-7;) , g = exp(-r). (2.14) 

The operators and Q are Weyl operators associated with the Bose field (a, a*). In 
addition, they depend on the coordinates X, and therefore they also act as operators 
in the tensor factor L'^{IR^p) of H. 

The operators T^, T and Q^, Q enjoy the following properties. 

Proposition 2.2. 

1) The operators iT^ andiT are essentially self-adjoint onCo{N). The operators 
Qo- and Q are unitary. 

2) QMhI^^) = T^{hI'^) and QaV{Ho) = V^H^). 

3) The following limit holds in the strong sense 

s - Wm Q„ = Q . 
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Upon formal transformation of H^r by the unitary operator Q^r, we obtain for 
ao < a 

{H, - pE,) = {H'^ - pE,,) (2.15) 

where 

E^ = -A^(27r)-^y dk {2uj{k))-^ (u;{k) + {2M)-^k^y\^{k) , (2.16) 

K^Ho + Hi,, + + H',^ + H'^^ , (2.17) 

= iM-' { V, ■ a {kg^Xa) + a* (kgjXa) • V, } , (2.18) 

i^L = (2M)-i {(a (%,Xa))' + (a* (%,Xa))' + 2a* {kgjXa) a (kgjXa)] , 

(2.19) 

Ka = E (^.- - ' (2-20) 

l<j<^<p 

g^(a;) = -2X\27r)-^ J dk {2Lj{k))-^ (uj{k) + {2M)-^k^y^ (uj{k) + M-^k^) 

X (Xa(/i;) -X(To(^))cos/i;x . (2.21) 

The following proposition summarizes the meaning of the equality (2.15). 

Proposition 2.3. Let < (Jq < cr. Then 

1) The operator H'^ is self-adjoint on V{Ho). 

2) The equality (2.15) holds on V{Hq). 

In order to remove the cutoff a and to take later the limit A ^ 0, the estimates 
contained in the following lemma will be useful. They are a consequence of Lemma 
2.1. 

Lemma 2.2. For all a with < ctq < cr, for all ^ G T>{Hq ), the following 
estimates hold : 

\< ^,Hi,,^ >| < A (s II //o^'* 11" + C e-' ao \\ * ||') , 

|< >| < CX do"'/' II Ho^^^ ||2 , 

|< *,i/2a* >l < CX'' ((Tq-' II i/o^'* f + II * f) , 
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|< >l < A' II Hl'^-^ f + C e-^ a,^ II ^ f ) . 

Finally the above estimates and similar ones lead to the existence of a limiting 
operator H'^ = lim H'^ in the sense of the form defined by the operator 1 + Hq and 
therefore to the existence of the renormalized Hamiltonian of the theory H defined 

by 

H = Q{H'^-pE,,)Q* (2.22) 

(see (2.15)). 

Proposition 2.4. Let Aq > 0. Then there exists ctq > such that for all \, \\\ < \q, 

1) For all a with gq < a , for all ^ e V[hI^^), the following estimate holds 

\< {H'„ - Ho)^ >\ < (1/2) II //q/^^ IP + C II ^ ||2 . 

2) For all ai, (72 with ao < ai < a2 , for all E T>(Hq^^), the following estimate 
holds 

<^,{K^-H'J^> 

where £{(Ji) tends to zero when U\ tends to infinity. 

3) There exists a self-adjoint operator H'^ such that for all a with uq < a and 

1 /2 

for all ^ e 'D{Hq ) the following estimate holds 

\<'^,iK-H'J^>\<eia){\\Hl/'^r + 11*11') ■ 

The operator H'^ is hounded from below and there exist two constants p and C such 
that 

C-^ II (1 + i/o)^/'* ir < < (P + ^^)* > < II (1 + i/o)^/^* 11^ 

1 /2 

for all ^ e T^{Hq ). Furthermore 

s - Jim exp {-itH'^) = exp {-itH'^) . (2.23) 
The operator H is self adjoint and 

s - Jim U^{t) = U{t) = exp (-itH) (2.24) 

where 

U^{t) = exp {-it {H^ - pE^)} . (2.25) 
Both limits (2.23) and (2.24) hold for any t & IR uniformly on compact intervals. 



< e(a,) (II H',/'^ r + II * ir) , 
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3 The limiting theory 



In this section we give a precise definition and we study the properties of the 
unitary propagator imphcitly and formally defined by (1-24) in the second order 
formalism. Rewritten in the first order formalism the problem consists in solving 
the equation 

' idtV{t,s) = {Ho + A{t))V{t,s) 

(3.1) 



where 



(Am)^ (X; hr--:K) = Yl ^j)'^n {X; ku---: K) , (3.2) 



A{t,x) = (27r)~3/2 f (2cu(A;))-^/2 /^(^^ 



^i{k-x—u!{k)t) 



+ a{k) e 



-i{k-x—u){k)t) 



) • (3.3) 



The function A defined by (3.3) is the function defined by (1.9) with a{t,k) = 
a{k) exp{—iu!{k)t), namely with a{t) solution of (l-ll). We define in addition 

{Am)^ (X; ki,---, kn) = jl{dtA){t, x,)^n {X- ki,---, kn) (3.4) 

which represents the time derivative of the family of operators A{t). We collect 
some properties of A in the next lemma. 



Lemma 3.1. Let a e -^>i/2- Then the operators A{t) and A{t) satisfy the following 
estimates 

(3.5) 



II Ait)^ II < C II cji/'a II2 II i/o'N II , 

|< ^,A{t)^ >\ < C\\ uj^l'^a II2 < *,i/oY^^ > , 

II A{t)^ II < C II u^l'^a II2 II * fl^ II //oi* 11'/^ , 

< *,i(t)* >| < C II uj^l'^a II2 < *,i/oi'^* > , 

II ((t - s)-^ {A{t) - A{s)) - A{s)) * II < C II u^l'^a m{s, t) II2 || ^ ||^/" || Hq,^ f 

(3.9) 

with 

m(s,t) = 1 - [\^^('-'^^ d9 . 
Jo 



(3.6) 
(3.7) 
(3.8) 



Proof. From the definition of A{t) and {dtA){t) we obtain 

II A{t) lie < C II u^^^a h 



(3.10) 
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by a Sobolev inequality and 

II dtA{t) II2 < C II u^/^a II2 (3.11) 

by the unitarity of the Fourier transform. 

We first prove (3.5). Let X = {xi,X'). Then 



J dxi \A(t,xi)^n(xi,X';h,---,kn)f < II A(t) \\l II ^n(;X';h,---,kn) 



< C\\A{t) \\l \\Ay'^^fr^{■,X'■,k^,■■■,kn) II2 

by Holder and Sobolev inequalities. Integrating over the variables X' and ki,-,kr, 
and summing over n we obtain 

II Ait)^ II < C II A{t) lie f2 II II 

which imphes (3.5) by (3.10). The proof of (3.6) is similar. 
We next prove (3.7). We estimate 



2 

00 



I dxi\idtA){t,Xi)^nixi,X';k,, - ■ ■ ,kr^)\^ < II dtA{t) g \\ (•, X'; fci, • • • , fcj 

< C II {dtA){t) \\l II ^„(-,X';fci,...,A:„) ||^/' || Ai^„ (-, X'; fci, • • • , fcj ||f 

by Holder and Sobolev inequalities. Integrating over the variables X' and ki, - ■ ■ ,kn 
and summing over n we obtain 

II At)"^ II < II {dtA){t) 1I2 II ^ ir/^ II ^i^ f 

which implies (3.7) by (3.11). The proof of (3.8) is similar. We finally prove (3.9). 
By application of (3.2), (3.3) and (3.4) we can write 

{{{t - s)-\A{t) - A{s)) - A{s)) {X; k,,---, kn) = 

p 

= ^S(s,i,X,)*„ {X]ki,---,kn) 

where 



B{s,t,x) = i{2ti)-^'^ j dk {2uj{k))-^'^uj{k)[a{k) e*('=^-'^('=)^)m(s, t) 
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Now the remaining part of the proof is identical with that of (3.7). 

n 

We are now in condition to prove the existence and uniqueness of solutions V{t, s) 
of (3.1). For that purpose we rely on a result of Kato [7]. 

Proposition 3.1. Let a e '^'^^ let A{t) be defined by (3.2) and (3.3). Then 

1) For any t e IR, A{t) is a Kato perturbation of Hq, so that Hq + A{t) is 
self-adjoint on T>{Hq) . 

2) There exists a family of unitary operators V{t., s), t,s & IR with the following 
properties 

(a) V{t,t) = 1. 

(b) V{t,s) V{s,r)^V{t,r). 

(c) V{t, s) is strongly continuous on IR x IR. 

(d) V{t,s) V{Ho)cV(Ho) 

and for any compact interval I there exists a constant Cj such that 

II (1 + Ho)V{t, s)^> II < Ci II (1 + Ho)^ II (3.12) 

for any ip e T>{Hq) and for all t, s & I. 

(e) For any * e V{Hq) 

I jV{t, s)^ = {Ho + A{t)) V{t, s)^ . 

3) Uniqueness holds under the assumptions (a), (d) and (e). 

Proof. 

1) From (3.5) it follows that for any t G IR and for any e D{Hq) the following 
inequality holds : 

II Ait)^ II < £ II ^01* II + Ce-^^^ II cu^^^a \\t^^ \\ * || 

so that A{t) is infinitcsimally small with respect to Hq. Therefore, for any t € IR, 
Hq + A{t) is self-adjoint on V{Hq). 

2) The existence of V{t, s) and its properties follows from Theorem 1 of [7] once 
we have verified the assumptions of the theorem. The only non trivial point consists 
in proving that for some p and for any t & IR the operator 

S{t) = p + HQ + A{t) 
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is an isomorphism of V{Hq) onto H and that, for any e V{Ho), S'(t)^ is contin- 
uously differentiable. Prom (3.5) it follows that there exist p and C such that 



C-^ II (1 + Ho)^ II <\\ip + Ho + Ait))^ II < C II (1 + Ho)^ II 

for any ^ e T>[Hq) and for any t e iR. This leads to the isomorphism property 
Since 

S{t) - S{s) = A{t) - A{s) 

the differentiabihty properties of S are the differentiabihty property of A. By (3.9) 
we see that S (t) ^ is differentiable and that 

I sm = Am ■ 

The continuity of ^(t)\E' follows from a minor variation of (3.7). 

3) To prove uniqueness let us suppose the existence of V'{t, s) satisfying (a), (d) 
and (e). Then, for any $, G V^Hq) the conditions (d) and (e) imply 

^ <y'(t,5)$,v^(t,5)*> = o 

where V{t, s) is the family constructed in Part 2. On the other hand 

^ <V{t,s)^,V{t,s)^>> = Q 
so that by the condition (a) 

< V'{t, s)$ - V{t, s)$, V{t, s)* > = 

which implies 

V'{t,s)^ = V{t,s)^ . 

n 



4 The limit A ^ 

In this section we prove the main result of this paper, namely the operator 
convergence when A — > announced in (1.27). As in Section 2, we use the first 
order formahsm for the particles. We recall the definition of the Weyl operator (see 
(1.8) where it is written with instead of a) 
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C{a) — exp{a*{a) — a{a)) (4.1) 

for any a G L^. (Strictly speaking the operator in the exponential should be replaced 
by its closure). We now define (see (1-25)) 

W{t, s)^C {a^{t)y U{t - s)C {a^{s)) (4.2) 

where 

a{t,k) = a(fc) cxp(— icut) , (4.3) 

a\ = X~^a and U is defined in (2.24). Although U and W depend on A, for brevity 
we shall omit that dependence. We intend to prove that W{t, s) converges strongly 
when A ^ to the propagator V{t,s) defined in Proposition (3.1), uniformly for 
t, s in compact intervals. The following lemma collects some properties of the Weyl 
operators. 

Lemma 4.1. 

1 ) Let a & L"^ . Then C {a) is unitary and strongly continuous as a function of 
a E L'^. In addition, for any G 'D{a{j)) with 7 G L^, C{a)'i/ G V{a{j)) and the 
following identity holds : 

C{a)*a{^)C(a)^ = 0(7)* + (7, a)* . (4.4) 

Similarly, for any ^' G V{a*{'yj), C(q;)^' G V{a*{'yj) and the following identity 
holds : 

(7(a)*a*(7)C(a)^ = a*(7)^ + {a, 7)^ . (4.5) 

2) Let a G Llj^. Then C{a)V{Hl'^) = V{hI'^) and, for any * G V{hI''^), the 
following inequality holds : 

II Hl''^C{a)^ II < II hI'^^ II + II uj^l'^a \\ || * || . (4.6) 

Let a G Lf . Then C{a)T>{Ho) = V{Hq) and, for any G V{Hq), the following 
inequality holds : 

II HoCia)-^ II < 2 II Hq^H II + (11 u;q; II +2 || uj^^^a f) || * || . (4.7) 

3) Let a: t-^ a{t) G C\IR, L^) with cj-^/^da/dt = cj-^/^a G C{IR,L^). Then, 

1 /2 

for any ^ G T){Hq ), C{a{t))'^ is dijjerentiable in t. Its derivative is given by 

^C{a{t))^ = C{a{t)) {a*{a{t)) - a(d(i)) + i lm{a{t), a{t))) * . (4.8) 
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Proof. 

1) The set of vectors Co{N) is a domain of essential self-adjointness for i{a*{a) — 
a{a)) so that C{a) is unitary. In addition Co{N) is a set of entire analytic vectors 
[10] for a*{a) —a{a), which leads to the continuity of C{a)^ in a for any ^ e Co{N) 
by direct inspection. Strong continuity for any ^ follows immediately. Using again 
the power series expansion of C{a)^ for ^ e Co{N) we can check immediately that 
(4.4) holds for such a ^. An elementary argument of closure leads to (4.4) in general. 
The proof of the part concerning a* (7) is similar. 

2) Let a e Ll- By power series expansion we check directly that, for any ^ e 
Co{N) n V{Hq2), C(q;)* e V{Hq2) and that the following identity holds : 

//o2C(q;)* = C{a) (Hq2 + ar{uja) + a{uja)+ \\ u^I'^ol f) * . (4.9) 

Using (2.6) and (2.7) with / = loa and the Schwarz inequality, we obtain (4.7). 
A standard approximation argument leads to the conclusion that C(Q;)P(i7o2) C 
V{Hq2) and that (4.7) holds for any ^ G V[Hq). 

Similarly from (4.9), using (2.6), we obtain (4.6) for ^ G Co(iV) n V{Ho2). To 
conclude we apply an approximation argument first on ^ and then on a. 

3) The Weyl operators satisfy the following well known identity 

C(a + /3) = C{a)C(p) exp (i lm(a, (3)) (4.10) 

which can be proved by power series expansion on Cq{N) and then extended to the 
whole Hilbert space H by the unitarity of C{a). Using (4.10) applied to ^ G Co{N), 
we can write the identity 

{t - to)-' {C{a{t)) - C{a{to))) ^ = C{a{to)){t - to)-' 

X {C {a{t) - a{to)) exp (i Im(a(to), a{t) - a{to))) - 1} ^ (4.11) 

1 /2 

which in the limit t ^ to yields (4.8). Let now ^ G 'D{Hq2 ). We write the integrated 
form of (4.8), namely 

C{a{t))'^j = C{a{to))'^j + t ds C{a{s)) 

Jto 

X (a*{a{s)) - a{a{s)) + i Im(a(s), a(s))) (4.12) 

for a sequence G Co{N) n V{HqI^) such that * and //oY^^j ^ -^02^*- 

Using (2.6) and (2.7) we can take the hmit j — > 00 in both sides of (4.12) and we 
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obtain (4.12) with "i/j replaced by ^. By differentiation in t we obtain (4.8) in full 
generality. 

n 

We continue the argument temporarily with the approximate theory defined by 
the Hamiltonian —pE^ (see Prop. 2.4, part 3) and we shall remove the cutoff a 
at the end. For that purpose, for any a with uo < cr we define 

Z,{t, s)=Q;C ixaaxit))* U,{t -s)C {xaMs)) (4.13) 

where Q^. and U^r are defined by (2.14) and (2.25) respectively, and ax{t) — X''^a{t) 
with a given by (4.3). In addition we define Aa{t) by (3.2) with A replaced by Aa- 
where 

A^{t) = (27r)-'^/2| (^2uj{k))-'/\„{k) (a(A;)e^(*^^-'^('=)*) + ^e-^^*^^-'^^^)*)) . 

(4.14) 

In the following proposition we perform the basic computation which exhibits 
the compensations among the terms containing the coupling constant A in the op- 
erator Za-{t, s). 

Proposition 4.1. Let a e I/^^g '^'^'^ Q;(*) given by (4-3). Let ^ G V{Ho). 
Then, for any a with ctq < a, Z^{t, s)^ is differentiable in t with derivative given by 

i ^ Z,{t, S)^ = - PEao + Aait)) Z,{t, s)^ (4.15) 
where H'^ is given by (2.17). 

Proof. We first remark that all the operators in the product defining Z„{t, s) leave 
V{Hq) invariant by Proposition 2.2, part 2, by Lemma 4.1, part 2 and by Proposition 
2.1. Prom the fact that C(X(tQ!a(^))* is strongly differentiable in T>{Ho) by Lemma 
4.1, part 3 and that Ucr{t) is strongly differentiable in T>{Ho) by Proposition 2.1, it 
follows that Zcr{t, s)^ is differentiable and that its time derivative is given by 

i = Q*a{ - iXaOix{t)) + ia (xaOixit)) + Im {XaOix{t),ax{t)) 

+C (xaaxit))* {H, - pE,) C ixaaxit)) Z,{t, s)* . 

(4.16) 

Using (4.4), (4.5) and (4.9), we continue (4.16) as 

• • • = Ql{ - ia* {XcOi\{t)) + ia {x,70i\{t)) + Im {xaOc\{t) , ax{t)) 
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+ II XaOO^^^axit) II' +Aa{t)}Qa Z^{t, s)^ 

which yields (4.15) by (2.15) and the fact that commutes with Aa{t). 

□ 

The operator H'^ — p-Eo-o + Acr{t) contains only positive powers of A and, as a 
form, is equivalent to (l + -f^o) uniformly in A for A sufficiently small. More precisely 
we have the following lemma. 

Lemma 4.2. Let a G Lf^2 (^''^d let a{t) be given by (4-3). Let Aq and ao be as in 
Proposition 2.4- Then there exist two constants p and C such that 

c-^ II (i+z/o)'/'* II' < < *,(p+//; -p£;.o + A(i))* > < c II (i+z/o)'/'* ir 

(4.17) 

for all a with < a, \ with \\\ < Xq, t E IR and E T>(Hq^^). The constants p 
and C depend on a through the norm || uj^/'^a ||2. 

Proof. The estimate (3.6) imphes 

|< ^,A^{t)^ >\ <s< *,i/o* > + Cs-^l'^ II uj^'^a ||2^^ II * IP 

which together with Proposition 2.4, part 1 and the definition (2.16) of E^y^ yields 
(4.17). 

n 

Using Lemma 4.2 we now prove that Zf^{t,s) satisfies a uniform boundedness 
property and has a strong limit when a tends to infinity. 

Proposition 4.2 Let a e L^^g '^^'^ Q;(t) he given by (4-3). Let Aq and he as 
in Proposition 2.4- Then 

1 ) For any compact interval I there exists a constant Cj such that 

II (1 + Ho)^/^Z,{t, s)^ II < Ci II (1 + i/o)'/'* II (4.18) 

1 /2 

for all a with cfq < a, \ with |A| < Aq, t,s E I and ^' £ T)[Hq ). The constant Cj 
depends on a through the norm || uj^/'^a ||2. 
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2) For any t, s the following strong limit exists 

s - Jim Z^{t, s) = Q*W{t, s)Q = Z{t, s) 
and Z{t,s) satisfies the same estimate (4.18) as Z„{t,s). 



(4.19) 



Proof. Part 1 We know already by Proposition 2.2, part 2, by Lemma 4.1, part 2 



and by Proposition 2.1 that Z^(t, s)V{hI''^) = V{Hq'"). Let 

M,{t)=p + H'^-pE,,+Aa{t) 

where p is the constant that appears in Lemma 4.2 and let ^ G V{Hq). The 
function < Zcr{t, s)"^ , Mcr{t)Zcr{t, s)"^ > is differentiable in the variable t. In fact 
the differentiability of Zcr{t, s) is known by Proposition 4.1 and the differentiability 
of M^(t) is a consequence of the fact that dtM„{t) = Aa(t). In addition since A„ 
and Aa- belong to L°°{IR^), the operators Aa{t) and Aa{t) are bounded in Ti and 
strongly continuous in t. Therefore 

d 



rV2> 



dt 



< Z^{t, s)*, M^{t)Z^{t, s)* > = < Z^{t, s)*, Aa{t)Z^{t, s)^ > (4.20) 



and by integration 



< Z^{t,s)^,M^{t)Z^{t,s)^ > = < *,M^(s)* > 



+ 



J^dt' < Z,{t',s)^,Aa{t')Z„{t',s)^ > 



(4.21) 



Using the estimate (4.17) for the terms with M^- and the estimate (3.8) for the term 
with Aa we obtain 

II (1 + HoY'^Z,{t, s)-^ IP < C( II (1 + HoY'^^> IP 



+ 



j' dt' < Z,{t', s)^, Hl''Z,{t\ s)^> > 
which yields trivially the linear inequality 

II (1 + Hof'Z^it, s)-^ IP < C( II (1 + //o)'/'* 



+ 



jjt' II {l + Hofl''Z,{t\s)^ llj). 



(4.22) 



By integrating (4.22) we obtain (4.18) for * e V{Ho). We then extend (4.18) to all 
* e V{Ho^^) by continuity. 
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Part 2 . By Proposition 2.2, part 3, by Lemma 4.1, part 1 and by Proposition 2.4, 
part 3, all operators in the product (4.13) of Za{t, s) converge strongly when a tends 
to infinity. The estimate (4.18) for Z{t,s) follows from that convergence and from 
the uniformity of the estimate for Z(^{t, s) in a. 

n 

We are now in condition to take the hmit A ^ 0. 

Proposition 4.3. Let a e -^1/2; Q;(i) be given by (4-3) and let A be defined by 
(3.3). Let W{t,s) be defined by (4-2) and let V{t,s) be defined in Proposition 3.1. 
Then the following strong limit exists 

s - lim W{t, s) = V{t, s) (4.23) 

A — >■© 

uniformly for t, s in compact intervals. 

Proof. Let / be a compact interval and let t,s G /. Let Aq and cxo be as in 
Proposition 2.4. Let a > ao and ^' G V{Ho). We estimate the difference 

II (Z^(t,s)-V(t,s))^ ||2 = 2Re < Z^(t,s)^,V(t,s)^ >} 

= -2Re /* dt'^ < Z^{t', s)*, V{t', s)* >= 
Js dt 

= 2Im /* dt'{ < {H'^ - pE,, + A„{t')) Z,{t', s)^, V{t', s)^ > 

J S 

- < Z,(t', s)^, (Ho + A(t')) V{t', s)^>} 

= 2Im^* dt' < Z,{t\ s)*, {{H'^ - Ho) - pE,, + Aa{t') - A{t')) V{t', s)* > (4.24) 

where we have used Proposition 3.1 and Proposition 4.1. We now apply the estimate 
(3.12) to V{t,s) and the estimate (4.18) to Z^{t,s), thereby obtaining 

II {Z,{t, s) - V{t, s)) * f < Ci f dt'{ II (1 + Ho)-"\K - Ho){l + Ho)-'/' \\ 

J S 

+p\Ej+ II {l + Ho)-'/'{A{t')-A.{t'))il + Ho)-'/' II } II {1 + Ho)'/'^ f (4.25) 
with Ci uniform in cr > (Tq and in A, |A| < Aq. Now 

II (1 + Ho)-'/\K - Ho){l + Ho)-'/' \\<CX, 

p\E,,\<CX' 
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by Lemma 2.2 and by (2.16) respectively, and 

II {A.{t') - A{t')) II < C II {1+Ho)-'h',/' II II {1-Xa)^'^'a \ 

by the estimate (3.6), so that (4.25) imphes 

II {Z,{t, s) - V{t, s)) ^ \\' < Ci (A+ II (1 - Xa)uj'/'c, h) II (1 + Ho)'^'^ f (4.26) 

with Ci uniform in A, |A| < Aq and in o" > ctq. Taking the hmit cr — > oo in (4.26) 
and using Proposition 4.2, part 2, we obtain 

II (Z(t, s) - V{t, s)) ^\\<Ci A^/2 II (1 + HoY^^^ II . (4.27) 

Prom the identity 

W{t, s) - V{t, s) = Q Z{t, s)Q* - V{t, s) 

= (g - l)Z{t, s) + Q Z{t, s){Q* - 1) + Z{t, s) - V{t, s) 
we obtain the estimate 

\\{w{t,s)-v{t,s))^ \\ < II (g-i)z(t,s)^ II + ||(g*-i)^ II 

+ \\{Z{t,s)-V{t,s))<if\\ . (4.28) 

Now 

II {Q* - 1)* II < II II < II T(l + Ho)-^^^ II II (1 + Ho)^/^<lf II 
so that from the definition (2.13) of T and from (2.6) (2.7), 

II (Q* - 1)* II < C A II (1 + //o)^/^* II (4.29) 

where the linear dependence in A comes from the hnear dependence of T on g and 
therefore on A. 

Similarly from (4.29) using (4.18) for Z{t,s) we estimate 

II (g - l)Z{t, s)^ II < CiX II (1 + //o)'/'* II ■ (4.30) 

By substituting (4.27), (4.29) and (4.30) into (4.28) we obtain 

II {W{t, s) - V{t, s))* II < Ci A^/2 II (1 + HoY^^^ \\ . (4.31) 

This proves the convergence of W{t,s)^ to V{t,s)^ for any ^ e T^{Hq) when 
A converges to zero, uniformly for t,s in compact intervals. Convergence for any 
^ e follows from the unitarity of W{t, s) and V{t, s). 

n 
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